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. [1], [2], [11]
.
1
Riemann ( $m=2,3,$ $\ldots$ )
$\zeta(m)=\sum_{p=1}^{\infty}\frac{1}{p^{m}}$
, Euler Goldbach . Euler [5] Goldbach
$1+ \frac{1}{2^{m}}(1+\frac{1}{2^{n}})+\frac{1}{3^{m}}(1+\frac{1}{2^{n}}+\frac{1}{3^{n}})+\frac{1}{4^{m}}(1+\frac{1}{2^{n}}+\frac{1}{3^{n}}+\frac{1}{4^{n}})+$ etc.
.
$\sum_{p\geq q\geq 1}\frac{1}{p^{m}q^{n}}$ } , 2a) $(m, n)$
$\zeta(m)\zeta(n)$ $=$ $\sum_{p=1}^{\infty}\frac{1}{p^{m}}\sum_{q=1}^{\infty}\frac{1}{q^{n}}$
$= \sum_{p\geq q\geq 1}\frac{1}{p^{m}q^{n}}+\sum_{q\geq p\geq 1}\frac{1}{p^{m}q^{n}}-\sum_{p=1}^{\infty}\frac{1}{p^{n+m}}$
$=$ $(^{\star}(m, n)+\zeta^{\star}(n, m)-\zeta(m+n)$
, $\zeta^{\star}(m, n)$ .
. ,
$\zeta(m)\zeta(n)=\sum_{p>q>0}\frac{1}{p^{m}q^{n}}+\sum_{q>p>0}\frac{1}{p^{m}q^{n}}+\sum_{p_{--- 1}}^{\infty}\frac{1}{p^{n+m}}$
, $\sum_{p>q>0}\frac{1}{p^{m}q^{n}}=\zeta(m, n)$ ,
$\zeta(m)\zeta(n)=\zeta(m, n)+\zeta(n, m)+\zeta(m+n)$
1662 2009 1-8 1
. , $\zeta(m, n)$ ,
(1) $\zeta^{\star}(m, n)=\zeta(m, n)+\zeta(m+n)$
. $\zeta(m, n)$ ,
(2) $((k)=m_{1}>m> \cdots>m_{n}>0\sum_{2}\frac{1}{m_{1^{k_{1}}}m_{2^{k_{2}}}\cdots m_{n}^{k_{n}}}$
, Euler $\zeta^{\star}(m, n)$
(3) $\zeta^{\star}(k)=\sum_{m_{1}\geq m2\geq\cdots\geq m_{n}\geq 1}\frac{1}{m_{1^{k_{1}}}m_{2^{k_{2}}}\cdots m_{n^{k_{n}}}}$
[1], [2] . , $k=$
$(k_{1}, k_{2}, \ldots, k_{n})$ . $k_{i}\in N$ , $k_{1}>1$
. $k=(k_{1}, k_{2}, \ldots, k_{n})$
wt $(k)=k_{1}+k_{2}+\cdots+k_{n}$ , dep$(k)=n$ , ht $(k)=\neq\{i|k_{i}>1\}$
, $k$ ( $\zeta(k),$ $\zeta^{\star}(k)$ ) (weight), (depth),




$\mathbb{Q}$ . $\zeta(k)$ (k)
$\mathbb{Q}$ (1)








(4) $t(1-t) \frac{d^{2}w}{dt^{2}}+\{(1-x)-(1-x+y)t\}\frac{dw}{dt}+(xy-z^{2})w=1$ .
2
, $x,$ $y,$ $z$ ([11] $z^{2}$ $z$ ).
, $F(\alpha-x, \beta-x, 1-x;t)$
. , $\alpha,$ $\beta$ $\alpha+\beta=x+y,$ $\alpha\beta=z^{2}$
. $0$ $t$ (4)
$\frac{1}{xy-z^{2}}$ . , $t=0$ (4)
(5) $w= \frac{1}{xy-z^{2}}(1-F(\alpha-x, \beta-x, 1-x;t))$




. $k$ , $n$ , $s$
$k=(k_{1}, k_{2}, \ldots, k_{n})(k_{1}>1)$ $I_{0}(k, n, s)$
(7)
$G_{0}(k, n, s)= \sum_{k\in I_{0}(k,n,s)}\zeta(k)$
.
(8) $L_{k}(t)=L_{k_{1},\ldots,k_{n}}(t)= \sum_{m_{1}>m2>\cdots>m_{n}>0}\frac{t^{m_{1}}}{m_{1^{k_{1}}}m_{2^{k_{2}}}\cdots m_{n^{k_{n}}}}$
$G_{0}(k, n, s;t)$
(9)
$G_{0}(k, n, s;t)= \sum_{k\in I_{0}(k_{1}n,s)}L_{k}(t)$
. $|t|<1$
, $t=1$ . $G_{0}(k, n, s;1)=G_{0}(k, n, s)$ . $x,$ $y,$ $z$
$G_{0}(k, n, s;t)$ $\Phi_{0}(t)$
(10)
$\Phi_{0}(t)=\Phi_{0}(x,y, z;t)=\sum_{k,n,s}G_{0}(k, n, s;t)x^{k-n-s}y^{n-s_{Z}2s-2}$
. $w=\Phi_{0}$
(4) . $\Phi_{0}(0)=0$ ,
(11) $\Phi_{0}(x,$ $y,$ $z;t)= \frac{1}{xy-z^{2}}(1-F(\alpha-x,$ $\beta-x,$ $1-x;t))$
3
. $tarrow 1-O$ (6)
(12) $\sum_{k,n,s}\sum_{k\in I_{0}(k,n,s)}\zeta(k)x^{k-n-s}y^{n-s_{Z}2s-2}=\frac{1}{xy-z^{2}}(1-\frac{\Gamma(1-x)\Gamma(1-y)}{\Gamma(1-\alpha)\Gamma(1-\beta)})$




. $\alpha^{n}+\beta^{n}$ $x,$ $y,$ $z$ $n$











$I_{0}(k, n, s)$ . (7), (8), (9)
(15)
$X_{0}(k,n, s)= \sum_{1}\zeta^{\star}(k)k\in I_{0}(kn,s)$
(16) $L_{k}^{\star}(t)=L_{k_{1},\ldots,k_{n}}^{\star}(t)= \sum_{m_{1}\geq m_{2}\geq\cdots>m_{n}\geq 1}\frac{t^{m_{1}}}{m_{1^{k_{1}}}m_{2^{k_{2}}}\cdots m_{n^{k_{n}}}}$,
4
(17)
$X_{0}(k, n, s;t)= \sum_{k\in I_{0}(k_{1}n,s)}L_{k}^{\star}(t)$
. (10) $X_{0}(k, n, s;t)$
(18)
$\Phi_{0}^{\star}(t)=\Phi_{0}^{\star}(x, y, z;t)=\sum_{k,n,s}X_{0}(k, n, s;t)x^{k-n-s}y^{n-s_{Z}2s-2}$
. $L_{k}^{\star}(t)$ $L_{k}(t)$ , $\Phi_{0}^{\star}(t)$
(4) .
$\ovalbox{\tt\small REJECT} 1$ . ([1], Theorem 2.1) $w=\Phi_{0}^{\star}(t)$
:
(19) $t^{2}(1-t) \frac{d^{2}w}{dt^{2}}+t\{(1-t)(1-x)-y\}\frac{dw}{dt}+(xy-z^{2})w=t$ .
, , $t=1$ [11]
$X_{0}(k, n, s)$ $\searrow$








(22) $\sum_{k\in Io(k_{1}n,*)}\zeta^{\star}(k)=(\begin{array}{ll}k -1n -1\end{array}) \zeta(k)$







. $w= \sum_{n=1}^{\infty}a_{n}t^{n}$ $\sum_{n=1}^{\infty}a_{n}$ :
(24) $\sum_{n=1}^{\infty}a_{n}=\frac{1}{z}\sum_{l=1}^{\infty}(-1)^{l}(\frac{1}{x+z-l}-\frac{1}{x-z-l})$ .
(25) $\sum_{k\in I_{0}(k,*,s)}\zeta^{\star}(k)=2(\begin{array}{ll}k -l2s -1\end{array})(1-2^{1-k}) \zeta(k)$







2. ([1], Theorem 4.2)








. (19) $t \frac{d}{dt}-1$ $\Phi_{0}^{\star}(t)$
,
(29) $\Phi_{0}^{\star}(1)=\frac{t}{(1-x)(1-y)-z^{2}}3F_{2}(1,1,1-x;2-\alpha, 2-\beta;1)$
. , $\alpha,$ $\beta$
$\alpha,$
$\beta=\frac{x+y\pm\sqrt{(x-y)^{2}+4z^{2}}}{2}$ .
. , III (19) ,
(30) $\Phi_{0}^{\star}(1)=\frac{1}{(1-y)(1-\beta)}s^{F_{2}(1-\beta,1-\beta}+x,$ $1;2-y,$ $2-\beta;1)$
.
3. $3F2$ :
(31) $\frac{1}{(1-x)(1-y)-z^{2}}3=F(1-\beta,1-\beta+x, 1;2-y, 2-\beta;1)F_{2}-\alpha,2-\beta;1)$
.
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